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Abstract 



1/^ . Some calculations in supersyinmctric theories, made with the higher derivative regulariza- 

tion, show that the /3-function is given by integrals of total derivatives. This is qualitatively 
explained for the A'^ = 1 supersymmetric electrodynamics in all orders. 



1 Introduction 



Quantum corrections in supersymmetric theories were studied for a long time. In particular, 
^ ^ a lot of papers were devoted to calculations of a /3-function and an anomalous dimension, e.g. [T]. 

\^ • Most calculations were made with the dimensional reduction [2] , which is a special modification of 

. the dimensional regularization. The matter is that the dimensional regularization [3] breaks the 

supersymmetry and is not convenient for calculations in supersymmetric theories. However, it is 
well known that the dimensional reduction is not self-consistent [3]. Ways, allowing to avoid such 
problems, are discussed in the literature [5]. Other regularizations are also sometimes applied 
for calculations in supersymmetric theories. For example, in Ref. [6j the two-loop /3-function of 
the N=l supersymmetric Yang-Mills theory was calculated with the differential renormalization 

^ i It is also possible to make calculations with the higher covariant derivative regularization, 

5-H ' proposed in Ref. [8]. It was generalized to the supersymmetric case in Ref. [9] (another variant 

was proposed in Ref. [TO]). This regularization is self-consistent and does not break the super- 
symmetry. A calculation of the one-loop /3-function for the (non-supersymmetric) Yang-Mills 
theory, regularized by higher covariant derivatives, was made in Ref. [TT]. After corrections, 
made in subsequent papers [12], the result coincided with the well-known result, obtained with 
the dimensional regularization ^13j. It was proved that in the one-loop approximation cal- 
culations with the higher covariant derivative regularization always agree with the results of 
calculations with the dimensional regularization [T3]. Some calculations in the one- loop and 
two-loop approximations were made for various theories [T6] with a variant of the higher co- 
variant derivative regularization, proposed in [17J. The structure of the corresponding integrals 
was discussed in Ref. [16]. 

A calculation of the three-loop /3-function for the = 1 supersymmetric electrodynamics 
(SQED) regularized by higher derivatives pS] reveals an interesting feature of quantum correc- 
tions: loop integrals, defining the /3-function, are integrals of total derivatives. (In Ref. [18] 
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three-loop integrals, defining the /3-function, were reduced to integrals of total derivatives using 
integration by parts.) A two-loop calculation, made with the dimensional reduction in = 1 
SQED and revealing a similar feature, was presented in Ref. [19], where the factorization of 
integrands into total derivatives is explained in all loops using a special technique, based on 
the covariant Feynman rules in the background field method [20j. Such factorization allows to 
calculate one of the loop integrals analytically and obtain the NSVZ /3- function [21], which (in 
= 1 SQED) relates the /3-function in n-th loop with the anomalous dimension in the previous 
loop. Due to this, application of the higher covariant derivative regularization is sometimes 
very convenient in the supersymmetric case. The fact that integrals, appearing with the higher 
covariant derivative regularization, in the limit of zero external momentum become integrals of 
total derivatives, seems to be a general feature of supersymmetric theories. It was verified in 
the two-loop approximation in [22] for a general renormalizable A^ = 1 supersymmetric theory. 
A similar results can be obtained with different versions of the higher derivative regularization. 

Using a usual supergraph technique for A^ = 1 SQED, regularized by higher derivatives, a 
partial explanation of the factorization of integrands into total derivatives was made in [23] by 
substituting a solution of the Ward identity into the Schwinger-Dyson equation. Using this 
method it is possible to extract a contribution, giving the exact NSVZ /3-function in all orders. 
However, there is also another contribution. In A^ = 1 SQED this contribution is nontrivial 
starting from the three-loop approximation. In the three-loop approximation it is given by an 
integral of a total derivative and is equal to 0. It was conjectured in [23] that this occurs in all 
loops. A partial four-loop verification of this statement was made in Ref. [24J . 

In this paper for A^ = 1 SQED using usual supergraphs we try to explain, why integrals, 
defining a /3-function, are integrals of total derivatives in all loops. Although the explanation 
is not completely rigorous, we demonstrate that a key ingredient of the proof is a special alge- 
braic identity, obtained in this paper. Moreover, the simple arguments, presented here, can be 
formulated in a rigorous form, and the results can be compared with explicit calculations. We 
will describe this in the forthcoming paper. 

The paper is organized as follows: 

In Sec. [2] we recall basic information about A^ = 1 SQED, regularized by higher covariant 
derivatives. In Sec. [3] we explain how the three-loop /3-function is related with the two-loop 
anomalous dimension due to the factorization of integrands into total derivatives. A qualitative 
explanation of this feature is given in Sec. [Hfor A^ = 1 SQED. The results are briefly discussed 
in the Conclusion. In Appendix |X] we present explicit expressions for the three-loop integrals, 
defining the /3-function and the anomalous dimension in A^ = 1 SQED. An identity, which is a 
key ingredient of our arguments, is proved in the Appendix [Bl 

2 N=l supersymmetric electrodynamics, regularized by higher 
covariant derivatives 

Let us consider A^ = 1 SQED, regularized by higher derivatives. In the massless case it is 
described by the actior|3 

S = ^Re J (fx (fe WaC''^R{d'^/h^)Wb + \ j d^x (fO ((/"^e^^t/. + 0*6-^^^) , (1) 

where Rip"^ / h?) is a regulator, e.g. R = 1 + d'^'"' / h?'"' . This action is invariant under the gauge 
transformations 

^In our notation 77^^ — diag(l, —1, —1, —1); = ObC^""; 6a and 9a denote the right and left components of 9, 
respectively. 
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<^^e^A0; 0^e-''^0; V ^ V + '-{A* - K), (2) 
where A is an arbitrary chiral superfield. A gauge is fixed by adding 

5gf=-^ J d^xd^0(vD^D^R{dyA^)V + VD^D''R{d^/A'^)V^ (3) 

to the action. The term with higher derivatives does not remove divergences in the one-loop 
approximation In order to cancel the remaining one- loop divergences, the Pauli-Villars 

determinants should be inserted into the generating functional 

Z[J,j] = / D/i Jl ( detPy(y,M/)y'exp{i(5 + 5a + 5gf + Sources)}, (4) 
I 

where X] = 1 and ^ cjMf = 0. It is useful to present the Pauli-Villars determinants in the 
following form: 



detPV{V,Mi) = i^J D^iD^ie'^'j , (5) 
where Sj is the action for the Pauli-Villars fieldsjl 

Si = \j d^xd^e (^^*ie^^^i + ^*je-^^^i^ + (^^ j d^x d^O Mi^i^i + \i.c)j . (6) 

We assume that M/ = a/A, where a/ are constants. (Thus, there is the only dimensionful 
parameter A in the regularized theory.) 

The generating functional for connected Green functions and the effective action are defined 
by the standard way. Terms in the effective action, corresponding to the renormalized two-point 
Green function of the gauge superfield, have the form 

rl.'^ = "I^/ -^,d'ov{-p,e)d^ii„^v{p,e)d-\a,^i/p), (7) 

where a is a renormalized coupling constant, and 

S^Hi/a = -^D'^D^Da (8) 
is a super symmetric transversal projector. We calculate 

d 



dlnA 



where a and A are considered as independent variables. The anomalous dimension is defined 
similarly. If the two-point Green function of the matter superfield in the massless limit is written 
as 

= \j ■0^d''e(ci>*i-p,e)Hp,o) + ^*i-p,o)Hp,o)) (ZG)(a,/./p), (lo) 

then the anomalous dimension is defined by 



^This action differs from the one, used in [T^, because here the quotient of the coefficients in the kinetic term 
and in the mass term does not contain the factor Z. Using terminology of Ref. [26], one can say that here we 
calculate the canonical coupling Oc, while in Ref. [18] the holomorphic coupling ah was calculated. Certainly, 
after the renormalization the effective action does not depend on the definitions. Ifowever, the definitions, used 
here, are much more convenient. 
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7(ao(a,A//i)) = h, Z(a, A//x)) . (11) 

The two-point Green functions are calculated using a standard supergraph technique, described 
e.g. in textbooks P71I2H] . 

3 Three- loop calculation for SQED 



A calculation of the three- loop /3-function gives the following result: 

d 



din A 



1 d 



^^l-^lnG(Qo,A/g) J =i-i-^(lnZG(a,M/(?)-lnZ(a,A//.) 



g=0 



<j=0/ vr vrdlnA 

= ^(l-7(«o(«,A//i))). (12) 

The explicit three-loop expression for the left hand side and the two-loop expression for the right 
hand side are presented in Appendix |X1 It should be noted that they are given by well defined 
integrals. In particular, the higher derivative regularization and the differentiation with respect 
to In A ensure that there are no IR divergences. This agrees with the results of Ref. [29J that 
the IR region does not affect to the /3-function. 

In the three- loop approximation the integrals, obtained with the higher covariant derivative 
regularization, can not be calculated analytically. However, it is possible to find relation ()12p 
between them. It is easy to see that this relation appears due to the factorization of integrands 
into total derivatives. 

4 Factorization of integrands into total derivatives in = 1 
SQED: qualitative explanation 

Now let us try to explain the factorization of integrands into total derivatives in = 1 SQED, 
described by action ([1]). We will calculate the two-point Green function of the gauge superfield. 
Due to the Ward identity this function is transversal. In order to obtain the /3-function we make 
calculations in the limit p — t- after differentiation with respect to In A: 



/ 



d'^eVd'^Ilil2V X -^^^(Momentum integral) ^. (13) 
Therefore, in order to find a /3-function it is possible to make the substitution 

V e^eaO^eb = e^ (14) 

so that 



I' 



d^eVd'^Il^l2V -8. (15) 

This is possible, because we make calculations in the limit p — )• 0, where p is an external 
momentum. (In this limit the gauge superfield V does not depend on the coordinates x^.) 
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We will try to reduce a sum of Feynman diagrams for the considered theory to integrals of 
total derivatives. In the coordinate representation such an integral can be written as 

Tr(^[a;'', Something]^ = 0. (16) 

In order to extract such commutators first we consider diagrams, containing a vertex to which 
only one external line (and no internal lines) is attached. We can sum such a diagram with the 
diagram, in which the external line is shifted to the nearest vertex [30J. This gives a sum of the 
subdiagrams, presented below. Making the substitution V ^ 9^ we obtain 



> + 
•H • 




Only the first and the third terms give nontrivial contributions to the two-point function of 
the gauge superfield, because they contain 0. Really, finally it is necessary to obtain 

while calculation of the supergraph can not increase degrees of 9 or 9. Therefore, we should 
have 9'^9a from the beginning. 

Now let us proceed to calculation of Feynman diagrams. In the one- loop approximation 
all calculations have been already done, so that we can ignore this case. (In the one-loop 
approximation contributions of the Pauli-Villars field are very essential, but here we do not 
consider them. For investigation of the Pauli-Villars contribution it is necessary to consider the 
massive case. In principle, this is made similarly, but all expressions become more complicated.) 

First we consider diagrams, in which external y-lines are attached to different loops of matter 
superfields. Let us denote a chain of the matter superfield propagators, connecting vertexes with 
quantum gauge field, by *11 Then each loop will be proportional to 

-^'0' * ^ • ^ * +a'(i'')c% * * +e^e\e\if tems) . (is) 

(Here we do not distinguish * and This is possible only qualitatively. However, the calculation 
can be repeated using a rigorous approach. In this case the result should be slightly modified.) 
After some simple algebra this expression can be written as 

T¥( - 29'9j''[9d, *] + i9'{^nc%[yt, *] + ...)= + ... , (19) 

where y* = Xy — i9'^{'^u)a'9i), and dots denote terms, proportional to 9"^ , 9^, 9^, 9^. In order 
to calculate the two-point function we should multiply two such expressions. Then the terms, 

^It is possible to give a rigorous definition of *. This will be done in [31]. Below for simplicity we omit some 
details, needed in the rigorous approach. 
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denoted by dots, vanish due to the integration over d^O. Therefore, the sum of ah such diagrams 
is given by an integral of a total derivative and is equal to 0. 

Now let us consider diagrams, in which external 1/- lines are attached to a single loop of the 
matter superfields. 

We can shift 6-s to an arbitrary point of the loop, commuting them with matter propagators. 
Then we obtain 




In order to write the sum of these diagrams as an integral of a total derivative, we will start 
with the calculation of the following sum: 




+ 



1 




Using the identity 



(20) 



after some algebra we obtain that this sum is given by 



din A 



-Tii^e' *D^D^6\d^)). (21) 



5-function allows to perform integration over the momentum of the considered matter loop. 
This corresponds to cutting the diagram and gives diagrams for the two-point Green function 
of the matter superfield [19]. For example. 





+ 




+ 



For diagrams, which can not be made disconnected by two cuts of the matter loop, this gives 
the corresponding contribution to the anomalous dimension. 

If a method, based on substituting a solution of the Ward identity into the Schwinger-Dyson 
equation, is used, a sum of the considered diagrams is contained in the effective diagrams that 
can be expressed in terms of the two-point function of the matter superfield. These diagrams 
give 
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/3(a) 



a 



■7(a)- 



(22) 



(A part of this contribution, corresponding to higher terms in the expansion of \n Z, comes from 
diagrams, considered below.) 

Now let us calculate the remaining diagrams 




+ 



1 




The considered sum is given by 



A" 



* K * 



+ 



1 



16 



* + 



1694 



* * —4i I * . 

52 02 V292 802 802 



165^ 



Q2 



Q2 



* H — * * 



2^2 



852 



L>2n /j'^/^a 



452 



492 



802 



852 



(23) 



The first term in this expression is an integral of a total derivative. The other terms have 
not yet been written as an integral of a total derivative|f| Let us qualitatively explain, how this 
can be made. For this purpose we cut the diagram by any chain of internal lines: 




Then according to Eq. (j23p (we omit the first term, which is the integral of a total derivative) 
the following variants are possible: 
1. There is 



(24) 



on the left (right) side. 



2. There is *- 



892 8^2 



on the left (right) side. Then on the other side we have 



8i{0^ *]} = 8z( - *^ * + * * * ) . (25) 

3. There is * * * on the left (right) side. Then on the other side we obtain 



852 852 



854 * H7,.jc *^ffr*^ffr 



(26) 



(The last term in ()23p is contributed by this expression and by the expression in variant 4. That 
is why this expression gives only one half of this term. 



4. There is *- 



D'^Dh D^D"^ 



852 852 



on the left (right) side. Then on the other side we have 



''in this case the method, based on substituting a solution of the Ward identity into Schwinger-Dyson equation, 
does not work, because here transversal parts of the Green functions are essential. 
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5. All modified propagators are on the same side of the diagram. 

Graphically the commutators (or anticommutators) , which are obtained on one side of the 
diagram, correspond to one of subdiagrams 




with ^-s or attached to the vertexes. This subdiagrams can be calculated by a standard 
supergraph technique. Using this method ^-parts of the graphs can be presented as effective 
lines with all external lines attached to one of the vertexes. (For this purpose it is necessary to 
calculate ^-integrals.) 





Then a number of loops in the 6-pa.it of the considered diagram is evidently decreased. The 
procedure can be repeated, if one perform the following substitutions: 



-Y^^A iPA = or PA = iy, 



^^-^irv^y^[y;,A]e\ (28) 

(Also it is necessary to include the factors (—1)^, but we will not discuss this here. Using 
another method, based on this arguments, this signs can be easily taken into account.) The 
procedure can be repeated using the identities 



[Ba, AB} = [9a, A}B + {-lf^^A[9a, B}; 

[y;,AB]9'' = [y;,A]9''B + A[y;,B]9'' - 2i{-lf^{^^),-[9a,A}[9\B}9'' + 0(9^); 
9\y;,AB] = 9'[y;,A]B + A9'[y;,B] - 2zi-l f-{^,),^9^[9\ A}[9a, B} + OiO'); 
[9''[9a,AB}} = [0''[9a,A}}B + A[e''[ea,B}} + 2{-lf^[9'',A}[9a,B}. (29) 

It is easy to see that at the last step we can obtain no more than three subdiagrams. 
Let us denote expressions for these subdiagrams by A, B, and C. They can be written as 
differential operators, constructed from the supersymmetric covariant derivatives D, D and the 
usual derivatives 9^. (It is important that they do not explicitly depend on 9.) Then according 
to Eq. ()23p finally we obtain 
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-4^[r,[^a,^}}[^^5}[^b,C})) + cyclic perm, of A, B, C. 



(30) 



In the Appendix we prove the identity 



-4^[r,[0a,^}}[^^5}[^b,C})) + cyclic perm, of A, B, C 
= ^T:i{9\j'^r' [y;, A[e,, B}[9^, C} + (-1)^-^ [Oa, B}[9,, C}A 



+cyclic perm, of yl, B, C. 



(31) 



Thus, the sum of all remaining diagrams is given by an integral of a total derivative. However, 
this integral is not equal to 0, because singularities, proportional to (5-functions, can appear. 
Taking them into account, it is possible to obtain Eq. ([22]) [31j . 

5 Conclusion 

In this paper we investigate a conjecture that in supersymmetric theories, regularized by 
higher covariant derivatives, all integrals, defining the /3-fucntion, are integrals of total deriva- 
tives. This fact allows to calculate at least one of the integrals analytically, so that the fac- 
torization of integrands into total derivatives is in the close connection with the NSVZ exact 
/3-function. 

For = 1 SQED, regularized by higher derivatives, we presented qualitative arguments, 
which demonstrate an origin of the factorization of the integrands into total derivatives. Al- 
though they are applicable in all orders, the proof, presented in this paper, was not made by 
a completely rigorous method. Also, we have not considered contributions of the Pauli-Villars 
fields. Nevertheless, this proof allows to understand, why the factorization of integrands into to- 
tal derivatives takes place. (Another proof was given in Ref. [19].) The complete rigorous proof 
(for A = 1 SQED), which, in particular, includes calculation of Pauli-Villars fields contributions 
will be described in a future paper. 
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A Integrals, defining the three-loop /^-function 

Here we present expressions for the three- loop integrals. Actually, they were obtained in Ref. 
|18| . but here we write them in a more beautiful form. The /3-function is given by the following 
integrals: 
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/3(ao) 



d 



OLn 



din A 



d \ao,A/p) 



p=0 



167r(^i +^2 +^3), 



(32) 



where 



^1 



IE 



ci 



d'^q \ d d 
{2tt)W dq^ d\nK 



ln(g2 + M|) + 



M2 



2 / ' 



(33) 



d^q \ d d 



d*k 1 



(27r)4 g2 ^^2 ^in^ y (27r)4 A;2ii2 U/fc + , 



E 



(g2 + M2)2 



((^ + g)2 + Mj) 



i2fc(l + ^ln 

2e2 



2e^ 



(27r)4 t2(;t + t)2 



(27r)4 (t2 + Mj){{k + t)2 + M2) 



d^q 1 d d 



d^k dH 



4e^ 



(27r)4 g2 ^^2 din A 7 (2^)4 (27r)4 fc2i?fc /2^^ | + ^)2 



2(g + /)2 



(g + A; + Z)2((; + /)2 (^q + k + iy 



1 



^ (g2 + M2)2 ((g + A:)2 + M^) 
2^ 



2{{q + iy + Mf) {{q + k + lf+Mf){{q + lY + Mj) 
1 



+ 



2M] 



{{q + k + lf + M]) {{q + kY + M]){{q + k + lY + M]) 



+ 



2Mf 



+ 



2M/ 



(g2 + M2)(((7 + /)2 + M2) ((g + /)2 + M2)((g + A; + /)2+M2) 



(34) 



(35) 



Here for simplicity we denote = R{k'^ /h?). Ai is a one-loop result. A2 is a sum of two- 
loop diagrams, three-loop diagrams with two loops of the matter superfields, and diagrams with 
insertions of counterterms, arising from renormalization of the coupling constant. ^3 is a sum 
of three-loop diagrams with a single loop of the matter superfields. 

The two-point Green function of the matter superfield in the two-loop approximation is given 
by the following integrals: 



InG 



d^k 



2el 



(27r)4 kmk{k + qY 



1 



dH 



2p2 



dH 



2p2 



(i2 + M2)((A; + t)2 + M2) 
4 



+ 



RkJ (2^)4 t2(A: + i)2 (27r)4 
d'^k dH 



-0 



+ 



(2-kY (27r)4 k'^RkPRi 
fe2 - Aq^ \ 



{q + kf{q + iy 



{q + hf{q + k + lY {q + kY{q + k + lY{q + lf 



(36) 



""This result was also presented in Ref. [32j . but some sign in A3 were written incorrectly. 
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Therefore, taking into account one-foop renormalization of the coupling constant, we obtain 



7(ao) = 



d^k d 1 
(27r)4dlnAA;4i?2 



dH 



2e' 



dH 



2e' 



(27r)4 (t^ + Mj){{k + t)^ + Ml 



d^fc dH d 



+ 



(2^)4 (2^)4 dlnAk'^Rkl^Ri{k + iy 



(37) 



This expression is finite both in the UV and IR regions. The UV finiteness is ensured by the 
regularization. The integral is IR finite due to the differentiation with respect to In A, which 
should be performed before the integration. 

In order to obtain Eq. p2|) it is necessary to use the identity 



d'^q 1 d 
(2^^d^' 



(38) 



B Proof of identity (SI]) 



Let us consider 



x = Tr{04((7T'[y;:,^][^"6,5}[^a,c} + (7'^)'^^-i)^-[ea,i?}[^"6,c}[y;,^] 

-Ai[9'',[ea,A}}[e\B}[9b,C}^} + cyclic perm, of ^, B, C, (39) 

where A, B, and C are differential operators, constructed from the super symmetric covariant 
derivatives. It is important that they do not explicitly depend on 9. Certainly, we assume that 



PA + PB + Pc = Oimod 2). 



Using the identities 



(40) 



Trl^[y;,A]B)=-Tr[A[y;,B]); 

(-1)^^ [[A, B}, C} + i-lf^ [[C, A}, B} + (-1)^^ [[B, C}, A} = 0, 



we obtain 



X = (7'^)«''Tv{e^( [y* , A[9,, B}[9a, C} + (-1)^-^ [9^, B}[9,, C}a] - A[9,, [y* , B]} 



x[9a,C} - A[9b,B}[9aAy;,C]} - i-ir^[9a,[y;,B]}[9b,C}A - {-l)^^[9a,B} 
[h,[y;,C]}A)]-4iTr(^9^[9^,[9a,A}}[9\B}[9h,C}) + cyclic perm, of ^, B, C. 

The similar operation is repeated for 9-s in double commutators: 



(41) 



(42) 



11 



X = i'y'^r'T:i{9''(^[y;,A[eb,B}[ea,c} + {-if^[ea,BM,c}A\ + {-if^[eb,A} 

x[y;,B][9a,C} + i-l)'"'^ A[y;,B][9b, [9a, C}} - {-l)''o[e,, A}[9,, B}[y;,C] 

-{-if^AiOa, [h,B}}[y;,c] - [y;,B][eb,c}[ea,A} + {-if^ny;,B][ea, [eb,c}}A 

-{-ifo [9,, [9a, B}}[y;, C]A + (-1)^^ [9a, B}[y;, C] [9,, A})) 

-4zTV(^^^[r, [9a, A}}[9\ B}[9b, C}} + cyclic perm, of A, B, C. (43) 
Commutators with y* are proportional to the first degree of 6: 

[y;, A] = -2i{^''r%[9,, A} + 0(^0). (44) 

Thus, it is necessary to be careful, commuting 9'^ with A, B and C . For example, taking into 
account that all expressions, containing {9)'^ with ra < 4, vanish, we obtain 

(_l)P.(^M)af^ {9\9,,A}[yl,B][9a,C}) = {-lf-+\rT''^[o\Oa,C}[9,,A}[yl,B] 
-29%9''[9d, [9a, C}}[9b, A}{-2i){j^rf9e[9f, B}) 

= Tr((-l)^«+i^4(7'^)'^^[^„,C}[^"fe,A}b;,i?]+4i04j^a^j^^^^j|j^fe^^^^^-^^^^y (45^ 
Similarly one can derive the following identities: 

= 'IV( - 9\rr%;, C] [h, A}[9a, B} + 4i^^[r , [9a, B}}[9\ C}[9f„ A}) ■ 
{-lfB+i^^,yb^,(^0^A[9a, [h,B}}[y;,C]) (47) 

= Iv((-l)^^+le4(7T''[^a,[^^,,S}}[y;,C7]^-4^(-l)^-^^4[r,A}[^„,[e"^S}}[^^.,C}); 
(_l)PB(^M)a&Tv(04A[y;,B][0-,, [9a,C}}) (48) 

= (-l)^^Tr (^4(7'^)'^''[y;, C}M + 4ie4r , C}}) . 

Using these equations, after some algebra X can be rewritten as 

X = Tr{9\rr'([y;,A[9b,B}[9a,C} + {-lf^[9a,B}[9b,C}A] - 2[y;, A][9b, B} 

X [9a, C} - 2{-lf^ [9a, B}[9„ C}[y;, A]) + 8i9^[9'', [9a, A}}[9\ B}[9,, C}} 

+cyclic perm, of A, B, C. (49) 

Comparing this expression with the definition of X, we obtain 



X = -2X+ \Tv(^9\^^r' [y;, A[9b, B}[9a, C} + (-1)^^ [9a, B}[9,, C}A 
+cyclic perm, of A, B, C \ . 



(50) 
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Therefore, 



X = ^Tr(^e\j^r' [y;, A[9b, B}[^a, C} + (-l)^-^[^a, B}[et, C}A 
+cyclic perm, of A, B, C. (51) 

This completes the proof. 
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